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Abstract

We provide a stochastic analysis of single-molecule enzymatic reactions that follow Michaelis—Menten kinetics.
We show that this system can exhibit oscillatory behavior in the non-equilibrium steady-state at appropriate substrate
concentrations. The stochastic model includes both enzyme dynamics and substrate turnover kinetics. The relationship
between the probability of substrate survival and the time-correlation of enzyme conformation trajectories is discussed.
Deterministic kinetics at large substrate concentrations are obtained as a limit of the stochastic model. We suggest
that in addition to fluctuating enzyme conformation, the stochastic nature of substrate concentration fluctuations is
another possible source of the complex behavior of single-molecule enzyme kinetics.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction physics. In his own work, John has emphasized
guantitative physiochemical approaches, both the-
Macromolecular fluctuation has been an essen- oretical and experimental, to study biochemical
tial element in John Schellman’s thinking about processes. Following this tradition, we dedicate
proteins and DNA[1,2]. Therefore, it comes as no  this work to him.
surprise that he has always supported developing Laboratory measurements based on confocal
methods, both experimental and theoretical, to fluorescence microscopy, near field optics, two-
probe the stochastic nature of the molecular world, photon excitation, and single-photon detection
as early as the conception of fluorescence corre- haye provided the possibility to study enzymology
lation spectroscopyFCS) in the 1970s and as i aqueous solution with single proteins, one mol-
recent as the emergence of single-molecule bio- gcyle at a time(3]. In the past decade, we have
Trresponding author. Tel.:1-314-362-3346; fax:+1- Witnessed a rapid gl’OWth in studying dynamics of
314-362-7183. single enzymes using FCS and a large repertory
E-mail address: elson@biochem.wustl.ediE. L. Elson. of related optical methodkt—8. The microscopic
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motion of an enzyme molecule undergoes rapid ary stochastic process which has to be analyzed
thermal fluctuation due to its incessant collisions using statistical methods. Recently developed
with the solvent molecules. Therefore, the experi- experimental methodology has been focused on
mental data obtained from single-molecule enzy- this approach. Alternatively, one can measure the
mology are inevitably stochasti¢9]. However, number of substratéor produc) molecules and
these fluctuations in the measurements are nottheir concentration fluctuations in a small system
undesirable noise but are rather valuable data fromin which the concentration is sufficiently low or
which the enzyme kinetics can be discerrddl the probe is particularly sensitive. The latter
The current state of the field is in parallel to that approach, which is closer to the traditional deter-
of single-channel recording on membrane proteins ministic enzymology{15], could have applications
in the 1970510]. in measuring steady-state metabolites involved in
The fluctuating measurements require stochastic enzyme reactions in living cellgl6]. This type of
models for their data interpretation. Although there measurement was first carried out to study the
is a large amount of literature on membrane random walk movements of ATPase-motor pro-
channel kinetics based on discrete-state Markov teins in which single enzyme stochastic turnover
models [10,17, and on fluctuating enzymes and is observed in terms of the linear motor stepping
stochastic macromolecule mechanics based on dif-[17].
fusion models[12,13, the cyclic and bimolecular From a theoretical standpoint, as we shall show,
nature of enzyme kinetics has its own unique these two approaches complement each other.
stochastic properties which have not been fully There is a natural mathematical relation between
analyzed. This paper addresses these latter aspectthhem. Measuring the substraer produc) con-
of single-molecule enzymology. centration is intimately related to the concept of
There is a need for a conceptual shift from ‘survival probability’ on which a large amount of
deterministic kinetics based on molecular concen- literature exists[12,14. One of the objectives of
trations in traditional enzymology to stochastic the present work is to provide a theoretical frame-
kinetics based on state probabilities in single- work which unifies the quantitative analysis of the
molecule enzymology. With only a single enzyme enzyme reaction in terms of the survival probabil-
under measurement at a time, we no longer deal ity of its substrates and the dynamics of the single
with concentrations of the enzyme. Rather, we enzyme molecule in terms of its stochastic
must adopt the language of probability. Instead of trajectory.
asking, ‘what is the concentration of enzyme X  The paper is developed as follows. In the first
with conformationC at the timer?’, it is more section the stochastic version of a three-state
natural and logical to ask ‘what is the probability Michaelis—Menten mechanism is analyzed from
of the enzyme X being in conformatiofi at the the enzyme perspective. The non-equilibrium
time ¢?’ This change in the language is not merely nature of single enzyme kinetics is shown to lead
semantic; the stochastic thinking is essential to to oscillatory correlation, consistent with recent
understanding and characterizing behavior of sin- measurements on horseradish peroxida$e The
gle molecules. range of substrate concentration in which oscilla-
In principle, there are two types of measure- tion appears is given, and data analyses based on
ments in single-molecule enzymology. One meas- high-order time correlation functions are discussed.
ures the stochastic conformational dynamics of an In the second section we analyze stochastic kinet-
enzyme turnover and the resulting data have beenics from the perspective of the substrate, which
called ‘trajectories’[14]. One essential feature of can be modeled as a random walk. The survival
such an experiment with a single enzyme is that probability is introduced, for which a simple dif-
the concentrations of the substi@e and the fusion-like equation is obtained as an approxima-
products) are approximately constant over the tion. The solution to this equation is a stochastic
course of the entire experiment. Thus from the process, the mean of which is shown to agree with
perspective of the enzyme, a trajectory is a station- the standard deterministic Michaelis—Menten
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kinetics. The equation for stochastic Michaelis— koo k2 ks
Menten kinetics, therefore, provides a way to EFS=ES=EP=E+P D
calculate the distribution for the survival probabil- .o
ity. Finally, we show there is a mathematical Surprisingly, this basic enzyme kinetic model so
relation, a duality between the substrate kinetics, far has not been fully investigated in the stochastic
in terms of the waiting time for the next product, terms necessary for single-molecule enzymology.
and the enzyme dynamics, in terms of the steady- While in an experiment with a single enzyme the
state cyclic reaction. The same relation arises in concentrations of and P are approximately con-
the kinetics of a single motor protein: its ATPase stant, usually they are not at chemical equilibrium:
and its stochastic steppirid9]. The oscillation in [P]/[S] +# kikoks/k_1k_ok_5. Because of this con-
enzyme dynamics corresponds to a regularity in dition single enzyme kinetics are fundamentally
the arrival time of the product. Hence, with irre- different from membrane channel kinetics. This is
versibility, even a single enzyme molecule can the theoretical justification for studying, in full
exhibit certain deterministic behavior. The same detail, the three-state model, which is the simplest
idea leads to the mechanism of ‘kinetic timing’ in model capable of exhibiting non-equilibrium
GTPase signaling20]. In the discussion section, steady-state kinetics with the possibility of com-
we briefly review some of the earlier literature on plex kinetics.
the stochastic treatment of biochemical reactions.  The enzyme in Eq(1) has three conformational
states in a cyclic reactio19,23,24. Thus, the
2. Non-equilibrium steady-state enzyme kinetics of the single enzyme can be modeled by

turnover a three-state Markov procef25]:
The simplest Michaelis—Menten type model for Pr
enzyme kinetics i§15]
d
ko ke —| Pgs |(2
E+S<=ES<E+P ar| s [
k—_1 k_2
The enzyme in this model has only two confor- Prp
mational . in vi i-
i stateg’ and ES. In most in vitro experi —ky[S]—k_4[P] k. ks

ments with single enzymes, the concentrations of
S and P are approximately constant. Therefore, the
single-enzyme kinetics is equivalent to the well _ _ .

. . o ) = kq[S] k_1—k» k
studied open-close, unimolecular kinetics of sin-

o

-2

gle membrane channel proteils=ES  with=

B k_3[P] ko —k_,—ks
kq[S]+k_,[P] andB=k_,+k,. The kinetics of the P
two-state system can be found in any standard £
book on single-channel recordiri@0] and also in
recent work on single-molecule enzymolof4]. p
The kinetics is simple and there can be only one s
exponential termeg ~©*P* Some of the essential
results for the two-state model are collected in P,

Appendix A.
Few enzymes exhibit single exponential kinetics @)
(cf. [14]). We now consider a Michaelis—Menten whereP (1), Prs(1) andP,(r) are the probabilities

type kinetics for a single enzyme in a steady-state of the enzyme being in thg, ES and EP states at
[22]: time 7, respectively. In addition to a time-inde-
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pendent term(A,=0), there are two exponential
terms, et ande *# | in the kinetics of this
enzyme system. However, the's need not be
real; hence, the kinetics can be oscillatory. If all
the rate constants in Eq1) as well as[S] and
[P] are given, then thé’s can be computed as
the eigenvalues of the matrix in ER):

1
Nyo=— E[MS] kg tkotk otks

+k_[P]) % |A] 3)

where
A= (kyfS]+k_1—ko—k_o—ks+k_5[P])®
—A(ka—k_3[P])(ks—k_1)

For most laboratory measurementfP] =0.
Then one immediately sees that, < k5 yields
non-real eigenvalues. In fact, it is easy to verify
that when the substrate concentratish satisfies

7 7 )2
ko4 (ko= ka=k_1)
kq
P
k,2+ (\k2+ lkg_kfl)
<

ky

<[9]

A <0. Hence, there is a range of substrate concen-

tration under which the enzyme kinetics are oscil-

latory. Such oscillation has been reported recently

[7].

Three-state, non-equilibrium cyclic kinetics has
been studied in the past in various biochemical
contexts: for example, kinetic proof-readihg6],
motor protein kinetics[19], and light-induced
chemical steady-statdg3]. Nitzan and Ros$23]
discovered that a light-induced chemical reaction
system could oscillate, but that even in the most
favorable condition a three-state system is heavily

damped. Whether one can experimentally observe

a clear oscillatory behavior depends on the ratio
between the imaginary/) and real(R) parts of
the eigenvalues; a low/ R-ratio indicates that only

a few oscillations can be observed in the relaxation
kinetics. For the three-state kinetic cycle, thi&-
ratio was estimated to be 0.823] and more

L1
recently one of us has shown that it ﬂ% [27].
/
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With increasing numbers of states within a kinetic
cycle, the I/R-ratio increases[27]. This is the
mathematical basis for improving the timer quality
in GTPase signaling20Q].

The oscillatory kinetics reflects the non-equi-
librium nature of the single enzyme turnover
with a circular flux [19] J=(k1k2k3[S]—
k_lk_zk_B[P])/)\l)\2 The oscillation and the cir-
cular flux are intimately related according to the
theory of stochastic resonan¢27,2g§ (Ref. [28]
is the earliest report on stochastic resonance with-
out forcing as far as we know Finally, the
chemical energy in the transformation 8t P,
on average one turnover peyJLtime, becomes
the heat dissipated into the aqueous solution. It is
important to point out that if the substrate and
product are in chemical equilibrium, i.€P]/[S]=
kikoko/k _1k_ok_5, then J=0. Furthermore, both
\'s are necessarily real because- 0 (see Appen-
dix B for a proof.

To avoid cluttering, we will denote states,
(ES), and(EP) by 1, 2, 3, respectively, throughout
the remainder of this paper.

2.1. Steady-state probability

The dynamics of a single enzyme molecule, a
trajectory, is a stochastic process in which the
protein jumps among the three states in a seeming-
ly random fashior{14]. The steady-state probabil-
ities for the three states are

ss_ kokatkk 1+k 1k,

1

A,
k[S)(ks+k_5)+k_ok_3[P]
Py =
A,
. k1k2[5]+(k2+k,1)k,3[P]
PSS= 4
3 e (4

2.2. Transition probability

A unique feature of the single enzyme trajectory
is that it contains information on both steady-state
and transient kinetics. While the former is
expressed in terms of the steady-state probability
(Eq. (4)), the latter is contained in transition
probabilities,P,; (¢, t+ 1), which is the probability
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of the enzyme being in stafeat time s+t when

it is in statei at times. When an enzyme is in a
steady-state, the transition probabilities are inde-
pendent of. There are nine such functio®(t),

i, j=1, 2, 3. For example,

cific cases motivated by recent work on horserad-
ish peroxidasd7].

Let us first assume that only state(BP) has
significant fluorescence signal. Without loss of
generality, we then assume that the fluorescence

k_o[P]+ NP signal £(i):
Piy(m)= ﬁe"“ f)=£(2)=0, andf(3) =I (8)
k 1[P]-i)\ 23 The mean fluorescence signal is
-3 1
_|_ - )\27 PSS 5 3 )
No— A1 (5) =Zf(l)PiSS=P§S
i=1
No(1—=P3%) +k[S]+k_3[P
Pyy(t)= A P) TS ! ]em and time correlation function
)\2_)\1
ka[S]+k_o[P]+ N o(1 = PY) — (MO () = TS DPEPT)— ()2
+ e)\2'r ij=1
Mmhs =P33(T)P%S—(P%S)2 (9
+P3° (6) . .
One notices that, has two exponential terms
No(1 =P +kst+k_» from P3(7). It is also important to remember that
33(T) = WY eM while the dynamics of the enzyme is a Markov
2 <s processf(¢) is not. Generally speaking, any signal
kst k2t Ny(1—P3) xerypss 7y  Which lumps multiple kinetic states together wil
A=\, ¢ 3 be non-Markovian.

With increasing quality of the experimental data,
higher-order correlation functions can be intro-
duced to discern the complexity of the kinetics
[7,21,29,30

<Af )Af(T J)Ale+Tz)>

2.3. Time correlation functions

As in any other kinetic studies, the stochastic
dynamics of an enzyme molecule can be observed Ca(T1,72) =
only through appropriate optical or other properties

SS
of the molecule. The relation between the spectro- __;f(l KPEP(T)Pi(T2)
scopic signals and the different states of the .
enzyme, thus, becomes an important component in —[Ca(r) +CATI+C AT F 73 [(f)
data analysis. More often than not, the multiple —{f)®
conformational states have the same spectroscopic Cy(11)CAT2)

properties, i.e. they cannot be distinguished by =T ey —PFCo 11472

optical measurements. This problem has been ) ] ] .

extensively discussed in the literature on modeling If we introduce normalized correlation functions

single-channel recordinfL1]. c1)=CA1)/CA0) and cd141)=C41 473/
While the state probabilities and transition prob- C3(0.0), then we have

abilities (Egs. (4)—(7)) are independent of the

signal by which the kinetics are measured, further M —cy(Ty) = & [CZ(T 79
assumptions or knowledge are needed to analyze ¢2(T2) 2(f)—10 co7)

a single enzyme trajectory measured in terms of

an optical signal. Note that different assumptions —CZ(Tl)J (10

at this stage lead to different conclusions about
the enzyme dynamics from same experimental Except for the simplest two-state kinetics in
data. To illustrate this, we will consider two spe- which ¢,(1) is a single exponential functiotsee
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Appendix A), in general Eqg.(10) is not zero.
Hence, Eq(10) can be used to test the validity of
a two-state model.

Edman and Rigler[7] have introduced an
expression they called the ‘non-Markovian func-
tion’, ¢, which is similar to Eq. (10) but
is expressed using different normalized correlation
functions:G,(7) = (f(0)f(7))/{f)*=PsqT)/P% and
Go(71,79) = (O (7 If (7 9)/(f)°=
P33(T1)P {7 3/(P%)". In terms of theG’s the non-
Markovian function can be expressed as

Gz("' LT 2) _
Gy(7))

for the three-state model with E€8). In fact, it

is easy to show thab=0 holds true for Markov
processes with any number of states, if only one
of the states has a non-zero signal.

In general, howeverp is not zero, even for a
Markovian system. Let us consider an example,
still using the kinetic scheméEq. (1)), but now
with f(1)=0, andf(2)=f(3)=1. The mean fluo-
rescence signal then i§)=P3°+PF=1-P$<
1. The correlation functions are

(O (7)) =1—2P§S + PP 1 (1)
FO(To)f(T2))=1-3P% +P515[P T )+P (T )
+P1(T1tT)—Pa{T )P 1(T }|

Gy(T1)=0 (12)

Hence
B Go(T1,72)
© Gy(1)
(1 =MLt 72) —{(79L(73)]
O+
where{(t)=[Pyy(7)—PF’|/(1—P%’) . For complex

Nio=—wtiv, {(t)=e *cogqut). Thus, {(t,+

o) —{(t1)L(t) = —e M TDsinwt )Sinut ) #0 N
general. Neither terms in the numerator is zero.
Fig. 1 shows an example for the function with
complex\y ».

—Gy(T1)=

3. Stochastic substrate kinetics

In the previous section, it is assumed that the

H. Qian, E. L. Elson / Biophysical Chemistry 101-102 (2002) 565-576

Phi

-2

Fig. 1. An example of thep function with (f)=0.5, Ay ,=—
p+iv=—0.5+6i, and &= —2e *C1rmsinvt,)sinut,)/[1 +
e ™2coqut,)]. Note that—d¢ are being plotted, and=0 at
the origin.

the enzymatic reaction are constant. Hence, the
enzyme kinetics became pseudo-first-order. In
enzymology, one also measures the kinetics of the
substrate which is of course intimately related to
the dynamics of the enzyme turnover. If the chang-
es in the substratéand produck concentration are
significant, then we shall ask the following prob-
abilistic question: ‘What is the probability of the
enzyme being in conformatio@ and the number

of substrate molecules beingat the timer?’ In
other words, we are interested in the joint proba-
bility distribution Py(n,r) where X can be 1E),
2(ES), or 3(EP). From the joint perspective of the
substrate and the enzyme$,X), the reaction can
be represented schematically as

Nkq ko k3 k3
ND)=(N—12)=(N—13)= =
k_1 k_o k_3 (N—n)k_3
(n+ Dk ko k3 k3
(n+1,1) = n2)=n3) = =
k_1 k_o (N—n)k_3 (N—Dk_3

k1 ko k3
(1,1)=(0,2)=(0,3) = (0,1)

k—_1 k_o Nk_3

(12

where N is the total number of substrate and
product molecules. The substrate kinetics, there-
fore, behave as a one-dimensional biased random
walk. The bias of the random walk arises from the
systematic transformation of substrate into product.
If we start with N substrate and 0 product mole-
cules, the ‘walker’ begins at the far left at time

concentrations of the substrate and the product of zero. The number of substrate moleculesjs a
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random variable, and the functionP(n,r)=
Y3 P{nt) is the probability of having: sub-

strate molecules at time Obviously, the fraction
of unreacted substratée=n/N is also a random
variables and¢ and n are simply relatedf is
known as the ‘survival probability’[12,18,19. In
general, the expectation &f as a function of time
t, cannot be expressed in terms of simple exponen-
tials for Michaelis—Menten kinetics.

If we identify probabilities with concentrations,
it is straightforward to write the kinetic equations
for P,(n,t) according to Eq(12):

dpz(:’t) = — (k_1+ko)PoAn) +k_,P4(n)
+(n+ DkyPy(n+ 1)
dPZ(:l’Z) = koPo(n) — (k_5+ kg)P4(n)
+(N = n)k_sPs(n)
dP(n,t
d(t ) =k_1Py(n—1)+ksP{n)

—[nk1+(N—n)k,3]Pl(n) (13)
The equilibrium distribution foP,(n) is readily
obtained(see Appendix ¢ Furthermore for large
N, asymptotic analysis[31] yields a diffusion
equation for the survival probabilitfQian and

Elson, manuscript in preparatipn

) 19 92
ol €0 = N oV OPEN]F o
X[DE)P(ED] (14)
where

J(§) =Nk &P (§) —k_1P5(§)
Nk ok o — Nk _ ik _ok_5(1—&)
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D(§)=Nki£PY*(§) +k_1P3(£)

P(&p) is the probability of the (unreacted
substrate fraction bein§, thus the product being
1-¢, at time . Neglecting the IN? term, Eq.
(14) can be shown to be mathematically equivalent
to the non-linear ordinary differential equation
[32]:

dg/dt=—J(§)/N (15)

which is precisely what one obtains from deter-
ministic steady-state Michaelis—Menten kinetics
[15,23. The non-linearity stems from the bimolec-
ular nature of enzyme kinetics. In general with
non-constanf(§), £ is not a simple exponential.
Eqg. (13) and its asymptotic representation Eq.
(14), as the stochastic version of the Michaelis—
Menten model, constitute a generalization of the
deterministic kinetics. The deterministic kinetics
are recovered from Eq14) at largeN in the form
of Eq. (15) that agrees exactly with the standard
deterministic enzyme kinetics for this system based
on the law of mass action. The significance of the
random walk-like Eq(13) and diffusion-like Eq.
(14), however, is that they provide a framework
for calculating fluctuations and correlation function
for small N as well largeN. As we have shown,
the standard deterministic theory is applicable only
to systems with very larg#.

3.1. A relation between cyclic enzyme dynamics
and substrate kinetics

While an enzyme undergoes stochastic transi-
tions among its conformational stat€s, ES, EP),
the number of product molecules continues to

" Nky(kp+k_p+ka)E+kokatkd_o+k_sk_p+Nk_s(k

and

1We see that calling a probability can be misleading and
confusing, especially when one deals with functiBt,z),
which is the probability for the fraction of unreacted substrate
at timez. Calling ¢ the fraction of unreacted substrate could
obviate the possible confusion.

_1tk_o+ky)(1-§)

increase on average. Every time a cyEle> ES —
EP— E is completed, a substrate is converted to a
product. The making of a product is associated
with eachES — EP transition. Let us again consid-
er the situation in whicHS] and [P] are constant,

and IA<1=k1[S], k_s=k_5P] are pseudo-first order
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rate constants. Then the addition and reduction of
one product molecule can be represented 18}

k_2 k3 k1 k2
(m)<EP=E<=ES—(+)

k_3 k-1

(16)

According to this scheme, after each forward
turnover(+), the enzyme is itEP, state 3. Hence,
the probability of having another turnover forward
after timet is P(+, t|+)=P(+, t|3) and having a
turnover backward after time is P(—,[+)
P(—,|3). Similarly, after each backward turnover
(—), the enzyme is inES, state 2. Hence, the
probability P(+, 1] —)=P(+, t\2) and P(—, 1|+
)=P(—.12). These conditional probabilities are
readily calculated according to the formulae given
by Qian [19] based on the eigenvalues of the
matrix

_kl_kfg kfl k3
ky —k_1=k; 0 (17
k,3 0 _kfz_kg

Note, this matrix and the one in Eq2) are
related by connecting the transitions on the left
and on the right of Eq(16): the enzyme dynamics
corresponds to a periodic boundary condition while
the product waiting time correspond to an absorb-
ing boundary condition for the same reaction in
Eqg. (16). The oscillatory kinetics in the cyclic
reaction is intimately related to a pseudo-periodic-
ity in the product formation[27].? Fig. 2 shows
the distribution for the waiting time of the arrival
of next product molecule, calculated according to
Eqg. (16). It is seen that the sharper distribution,
which means the products arrive with a more
regular time interval, corresponds to the oscillatory
kinetics. Therefore, the irreversibility, which is
necessary for the oscillatory kinetics, can make

H. Qian, E. L. Elson / Biophysical Chemistry 101-102 (2002) 565-576

0.8
0.6
04 ¢
0.2

Probability P(t)

0 1 1
0 1 2 3 4

Waiting Time t/<t>

Fig. 2. Comparison between two distributions for the waiting
time of the next arrival product catalyzed by the single enzyme
according to stochastic Michaelis—Menten kinetics, Eb.

For the solid line: k;=1, k,=2, k3=3, k_,=0.3, k_,=
0.2, k_3=0.1 and A, ,= —3.3+1.23 according to Eq.(3).
For the dashed linek,=1, k,=2, k;=3, k_,=0.9, k_,=

1.8, 12_3=2.7 and\, ,= —4.06, —7.34. Both distributions are
normalized by their respective mean waiting titne , 1.98 and
1.18, respectively. The relative standard deviations,

f((Atf)/(z), for the two distributions are significantly differ-
ent, 0.73 and 2.1, respectively.

tration of the duality between mean arrival time
and the steady-state flux.

4. Discussion

The stochastic treatment of chemical reactions
was initiated by Kramers in 194[33]. Since then,
his approach to chemical reaction rates has grown
into a main focus of theoretical chemisti@4].
The Kramers’ theory, however, addresses mainly
unimolecular reactions and bimolecular collisions
in agueous solution. It does not address the relation
between the stochastic molecular reactions on the
level of individual molecules and the behavior of
an ensemble of molecules, when there are molec-
ular interactions. Also in 1940, Delbruck3s]
lucidly posed the essential problem of the stochas-
tic treatment of biochemical reactions and identi-
fied the non-linear and non-equilibrium

even a single enzyme behave more as a determin-characteristics of such reactions and the mathe-

istic machine. See Appendix D for a simple illus-

2The waiting time for the next product and the cycle time
of enzyme are not exactly the same since from the enzyme
conformation point of view, converting a product to a substrate
molecule also completes a cycle.

matical analogy to a random walk. Since this
seminal contribution, much work has been devoted
to this subject[36—39 and many results are
summarized in excellent bool81,40—42. Only

in the past decade, however, have experimental
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techniques been improved sufficiently to permit (Fa—fa)°K(K—1)
the study of single-molecule enzymolodfor a 7, — A JE e N (19)
recent review, seel6]). This progress on the (1+K)

experimental front calls for the revival of the The C; is related to theC, after normalization:
earlier theoretical works and their integration with

the existing literature on single-channel recording cs(TuT2) —cx(T2)=0 (20)
[11,43. More importantly, single-molecule enzy-  cx(ty) 20t
mology requires a stochastic reasoning in its data where ¢ (1)=Cx(7)/CA0) and cd7,7)=

interpretation and kinetic modeling. . C5(74,72)/CH0,0). Note the similarity between

In summary, we have pr_owaed a bz_;13|s I Sto- yhig expression and Eq11), even though the
chastic modeling for quantitative kinetic analysis normalization factors used fof’s are different
in single-molecule enzymology. Measurements On g, those for's. Eq. (20) requires no assumption
stochastic protein conformational dynamics and on £, and f,; hence, it is a general result for any
the stochastic substrafferoduct kinetics are inter- "¢ o p?é)cess with a single exponential.

prett_ad withi_n a si_ngle mathematical reatment. — \ith sufficient data, even higher order correla-
Oscillatory kinetics is shown to be expected in the i functions can be computed:

stochastic, Markovian models for non-linear bio-
chemical kinetics. This analysis suggests an alter- Ca(T17 279 = (Af(0)Af(T )Af(T 4

native but complementary mechanism to the +T)Af(T1+ T2t TY)

fluctuating enzyme model for analyzing complex Fa—fs)?

kinetics of single-molecule enzymology. = [HJ {K(1

Appendix A: Higher-order correlation functions —K)%e Mmtrat)

for two-state kinetics + K2 MmitTa} (2D

To facilitate comparison with the three-state A special case o€, with T5=1, gives
model, related formulae for two-state kinetics

fA_fBJ4 2 _
o3 C [ A K l—K )\(2'rl+'rz)
A=B are collected in this appendix. We assume ATaTary) [ 1+K {K( )ye
B +K2672M-1}
the fluorescence signal for the two states #re ) ) )
. FatKfp which has been derived by Schenter et[all] if
and f, respectively. Then(f)= 1ok where  one substitute& with pg/(I—pp).
K=a/B. Time correlation function: Appendix B: Real eigenvaluesin equilibrium
p— 2 ~ ~
AT =we*“ (18) Let k,=k,[S] and k,3=k,3A[P] be the psAeudo-
(1+K) first order rate constants. Wkks=k .k .k 5 |,
wherex =a +3, and then

A=[(Ri—k o)+ (k_1—kg)+(k_s—k) |~ 4k _1—k3)(k_5—k»)

[ (k_ik_4 . 2 .
=k2(7_1]+(kl_k3)+(k3_k2):| _4(k,1_k3)(k,3_k2)
L 2R3
o2 ) k) + (= k)P it (k_y— k) (f_a—kp) <0
Kok
> >0
[(k_1—ko)+(k_3—k)]2— 4k _—ka)(k_3—k5) it (k_1—ko)(k_3—k»)>0
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Appendix C: Distribution and moments of sub-
strate fluctuation

The equilibrium distribution of Eq.(13), a

variance of the birth-and-death process, can be

readily obtainedTaylor and Karlin,[25]]:

O INIKV "
P =" N

“INIKN=nmL ke
P2(n)= Q—_l

(N=n—1)n! k_,’

“INIKN T kok
P3(n)= Q 1n2

(N—n—1)ln! k_ik_,
whereK =kqkok/(k_1k_-k_3) and
Q(K)=(1

NKk_ NKk_5k_
+K)N1(1+K+ S 2 3]
ks koks

Furthermore, the mean and variance of the
number of substrate molecules in equilibrium can
be computed from the functio@:

InQ(K) N+K
(ny=N~— =
dlnk 1+K
Nk, Nk
K+ -+ ke
B k oy k_ ik,
1+ K+ Yk | Nkika
k_y  k_ik_p
(@ 2>_é’an(K) NK
(InK)?>  (1+K)?
K+N—k1+ Nkik
N k oy k_ ik,
Nk;  Nkik, )2
1+K+ -+
k oy k_ ik,

For large N, the results reduce &y/(1+K) and
NK/(1+K)? as expected from a simple binomial
distribution.

Appendix D: Duality between mean arrival time
and steady-state cyclic flux

There is an intimate relation between the cyclic

reaction of a single enzyme and the substrate

H. Qian, E. L. Elson / Biophysical Chemistry 101-102 (2002) 565-576

turnover kinetics. Let us consider the simple
kinetics

ki k2

A=B->C

k1

for a single molecule starting in staté. The
probability density function for the time of the
molecule arrivingC can be easily computed:

kq k
P.(t)= é[e—vn_e—xm]
Y2~ Y2
in which
1
Y1,2= 5 X [(k1+k,1+k2) +

e+ ko) — Ak .
Therefore, the mean arrival time is

* kiko
ty= tP(t)dt=
" J; c(n) —
X[L_lJ=kl+kl+k2
'Yi 'Y% kik
2k1k2

and the relative variance i$—————
(kithk_1+ky)

The dual of this problem is to compute the steady-

state flux under a periodic boundary condition.

That is, we assume staté is equivalent to state

A. We, therefore, have a cyclic kinetigds= B —

A. The steady-state flux is readily obtainet=
kiko

kitk_;+ks (> '

words, J, the number of turnover per unit time,

matches the mean turnovéarrival) time.

which is precisely -— . In other
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