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Abstract

We provide a stochastic analysis of single-molecule enzymatic reactions that follow Michaelis–Menten kinetics.
We show that this system can exhibit oscillatory behavior in the non-equilibrium steady-state at appropriate substrate
concentrations. The stochastic model includes both enzyme dynamics and substrate turnover kinetics. The relationship
between the probability of substrate survival and the time-correlation of enzyme conformation trajectories is discussed.
Deterministic kinetics at large substrate concentrations are obtained as a limit of the stochastic model. We suggest
that in addition to fluctuating enzyme conformation, the stochastic nature of substrate concentration fluctuations is
another possible source of the complex behavior of single-molecule enzyme kinetics.
� 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Macromolecular fluctuation has been an essen-
tial element in John Schellman’s thinking about
proteins and DNAw1,2x. Therefore, it comes as no
surprise that he has always supported developing
methods, both experimental and theoretical, to
probe the stochastic nature of the molecular world,
as early as the conception of fluorescence corre-
lation spectroscopy(FCS) in the 1970s and as
recent as the emergence of single-molecule bio-
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physics. In his own work, John has emphasized
quantitative physiochemical approaches, both the-
oretical and experimental, to study biochemical
processes. Following this tradition, we dedicate
this work to him.
Laboratory measurements based on confocal

fluorescence microscopy, near field optics, two-
photon excitation, and single-photon detection
have provided the possibility to study enzymology
in aqueous solution with single proteins, one mol-
ecule at a timew3x. In the past decade, we have
witnessed a rapid growth in studying dynamics of
single enzymes using FCS and a large repertory
of related optical methodsw4–8x. The microscopic
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motion of an enzyme molecule undergoes rapid
thermal fluctuation due to its incessant collisions
with the solvent molecules. Therefore, the experi-
mental data obtained from single-molecule enzy-
mology are inevitably stochasticw9x. However,
these fluctuations in the measurements are not
undesirable noise but are rather valuable data from
which the enzyme kinetics can be discernedw4x.
The current state of the field is in parallel to that
of single-channel recording on membrane proteins
in the 1970sw10x.
The fluctuating measurements require stochastic

models for their data interpretation. Although there
is a large amount of literature on membrane
channel kinetics based on discrete-state Markov
models w10,11x, and on fluctuating enzymes and
stochastic macromolecule mechanics based on dif-
fusion modelsw12,13x, the cyclic and bimolecular
nature of enzyme kinetics has its own unique
stochastic properties which have not been fully
analyzed. This paper addresses these latter aspects
of single-molecule enzymology.
There is a need for a conceptual shift from

deterministic kinetics based on molecular concen-
trations in traditional enzymology to stochastic
kinetics based on state probabilities in single-
molecule enzymology. With only a single enzyme
under measurement at a time, we no longer deal
with concentrations of the enzyme. Rather, we
must adopt the language of probability. Instead of
asking, ‘what is the concentration of enzyme X
with conformationC at the time t?’, it is more
natural and logical to ask ‘what is the probability
of the enzyme X being in conformationC at the
time t?’ This change in the language is not merely
semantic; the stochastic thinking is essential to
understanding and characterizing behavior of sin-
gle molecules.
In principle, there are two types of measure-

ments in single-molecule enzymology. One meas-
ures the stochastic conformational dynamics of an
enzyme turnover and the resulting data have been
called ‘trajectories’w14x. One essential feature of
such an experiment with a single enzyme is that
the concentrations of the substrate(s) and the
product(s) are approximately constant over the
course of the entire experiment. Thus from the
perspective of the enzyme, a trajectory is a station-

ary stochastic process which has to be analyzed
using statistical methods. Recently developed
experimental methodology has been focused on
this approach. Alternatively, one can measure the
number of substrate(or product) molecules and
their concentration fluctuations in a small system
in which the concentration is sufficiently low or
the probe is particularly sensitive. The latter
approach, which is closer to the traditional deter-
ministic enzymologyw15x, could have applications
in measuring steady-state metabolites involved in
enzyme reactions in living cellsw16x. This type of
measurement was first carried out to study the
random walk movements of ATPase-motor pro-
teins in which single enzyme stochastic turnover
is observed in terms of the linear motor stepping
w17x.
From a theoretical standpoint, as we shall show,

these two approaches complement each other.
There is a natural mathematical relation between
them. Measuring the substrate(or product) con-
centration is intimately related to the concept of
‘survival probability’ on which a large amount of
literature existsw12,18x. One of the objectives of
the present work is to provide a theoretical frame-
work which unifies the quantitative analysis of the
enzyme reaction in terms of the survival probabil-
ity of its substrates and the dynamics of the single
enzyme molecule in terms of its stochastic
trajectory.
The paper is developed as follows. In the first

section the stochastic version of a three-state
Michaelis–Menten mechanism is analyzed from
the enzyme perspective. The non-equilibrium
nature of single enzyme kinetics is shown to lead
to oscillatory correlation, consistent with recent
measurements on horseradish peroxidasew7x. The
range of substrate concentration in which oscilla-
tion appears is given, and data analyses based on
high-order time correlation functions are discussed.
In the second section we analyze stochastic kinet-
ics from the perspective of the substrate, which
can be modeled as a random walk. The survival
probability is introduced, for which a simple dif-
fusion-like equation is obtained as an approxima-
tion. The solution to this equation is a stochastic
process, the mean of which is shown to agree with
the standard deterministic Michaelis–Menten
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kinetics. The equation for stochastic Michaelis–
Menten kinetics, therefore, provides a way to
calculate the distribution for the survival probabil-
ity. Finally, we show there is a mathematical
relation, a duality between the substrate kinetics,
in terms of the waiting time for the next product,
and the enzyme dynamics, in terms of the steady-
state cyclic reaction. The same relation arises in
the kinetics of a single motor protein: its ATPase
and its stochastic steppingw19x. The oscillation in
enzyme dynamics corresponds to a regularity in
the arrival time of the product. Hence, with irre-
versibility, even a single enzyme molecule can
exhibit certain deterministic behavior. The same
idea leads to the mechanism of ‘kinetic timing’ in
GTPase signalingw20x. In the discussion section,
we briefly review some of the earlier literature on
the stochastic treatment of biochemical reactions.

2. Non-equilibrium steady-state enzyme
turnover

The simplest Michaelis–Menten type model for
enzyme kinetics isw15x

k k1 2

EqS|ES|EqP
k ky1 y2

The enzyme in this model has only two confor-
mational statesE andES. In most in vitro experi-
ments with single enzymes, the concentrations of
S andP are approximately constant. Therefore, the
single-enzyme kinetics is equivalent to the well
studied open–close, unimolecular kinetics of sin-

gle membrane channel proteins: with
a

E|ES as
b

and . The kinetics of thew x w xk S qk P bsk qk1 y2 y1 2

two-state system can be found in any standard
book on single-channel recordingw10x and also in
recent work on single-molecule enzymologyw21x.
The kinetics is simple and there can be only one
exponential term,e . Some of the essentialy aqb t( )

results for the two-state model are collected in
Appendix A.
Few enzymes exhibit single exponential kinetics

(cf. w14x). We now consider a Michaelis–Menten
type kinetics for a single enzyme in a steady-state
w22x:

k k k1 2 3

EqS|ES|EP|EqP (1)
k k ky1 y2 y3

Surprisingly, this basic enzyme kinetic model so
far has not been fully investigated in the stochastic
terms necessary for single-molecule enzymology.
While in an experiment with a single enzyme the
concentrations ofS andP are approximately con-
stant, usually they are not at chemical equilibrium:
wPxywSx/k k k yk k k . Because of this con-1 2 3 y1 y2 y3

dition single enzyme kinetics are fundamentally
different from membrane channel kinetics. This is
the theoretical justification for studying, in full
detail, the three-state model, which is the simplest
model capable of exhibiting non-equilibrium
steady-state kinetics with the possibility of com-
plex kinetics.
The enzyme in Eq.(1) has three conformational

states in a cyclic reactionw19,23,24x. Thus, the
kinetics of the single enzyme can be modeled by
a three-state Markov processw25x:

B EPE

d
P (t)ESdtC F

D GPEP

B Eyk wSxyk wPx k k1 y3 y1 3

s k wSx yk yk k1 y1 2 y2C F
D Gk wPx k yk yky3 2 y2 3

B EPE

= PESC F
D GPEP

(2)

whereP (t), P (t) andP (t) are the probabilitiesE ES EP

of the enzyme being in theE, ES andEP states at
time t, respectively. In addition to a time-inde-
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pendent term(l s0), there are two exponential0

terms, and , in the kinetics of thisyl ylt t1 2e e
enzyme system. However, thel’s need not be
real; hence, the kinetics can be oscillatory. If all
the rate constants in Eq.(1) as well aswSx and
wPx are given, then thel’s can be computed as
the eigenvalues of the matrix in Eq.(2):

1w
x w xl sy k S qk qk qk qk1,2 1 y1 2 y2 3Žy2

z
|yw xqk P " D (3)y3 . ~

where
2w x w xDs k S qk yk yk yk qk P1 y1 2 y2 3 y3Ž .

w xy4 k yk P k ykŽ .2 y3 3 y1Ž .
For most laboratory measurements,wPxf0.

Then one immediately sees thatk <k yieldsy1 3

non-real eigenvalues. In fact, it is easy to verify
that when the substrate concentrationwSx satisfies

2
y yk q k y k ykŽ .y2 2 3 y1

w x- S
k1

2
y yk q k q k ykŽ .y2 2 3 y1

-
k1

D-0. Hence, there is a range of substrate concen-
tration under which the enzyme kinetics are oscil-
latory. Such oscillation has been reported recently
w7x.
Three-state, non-equilibrium cyclic kinetics has

been studied in the past in various biochemical
contexts: for example, kinetic proof-readingw26x,
motor protein kineticsw19x, and light-induced
chemical steady-statesw23x. Nitzan and Rossw23x
discovered that a light-induced chemical reaction
system could oscillate, but that even in the most
favorable condition a three-state system is heavily
damped. Whether one can experimentally observe
a clear oscillatory behavior depends on the ratio
between the imaginary(I) and real(R) parts of
the eigenvalues; a lowIyR-ratio indicates that only
a few oscillations can be observed in the relaxation
kinetics. For the three-state kinetic cycle, theIyR-
ratio was estimated to be 0.5w23x and more

recently one of us has shown that it is w27x.
1

y3

With increasing numbers of states within a kinetic
cycle, the IyR-ratio increasesw27x. This is the
mathematical basis for improving the timer quality
in GTPase signalingw20x.
The oscillatory kinetics reflects the non-equi-

librium nature of the single enzyme turnover
with a circular flux w19x w xJs k k k S y1 2 3Ž

. The oscillation and the cir-w xk k k P yl ly1 y2 y3 1 2.
cular flux are intimately related according to the
theory of stochastic resonancew27,28x (Ref. w28x
is the earliest report on stochastic resonance with-
out forcing as far as we know). Finally, the
chemical energy in the transformation ofS™P,
on average one turnover per 1yJ time, becomes
the heat dissipated into the aqueous solution. It is
important to point out that if the substrate and
product are in chemical equilibrium, i.e.w x w xP y S s

, then Js0. Furthermore, bothk k k yk k k1 2 3 y1 y2 y3

l’s are necessarily real becauseD)0 (see Appen-
dix B for a proof).
To avoid cluttering, we will denote statesE,

(ES), and(EP) by 1, 2, 3, respectively, throughout
the remainder of this paper.

2.1. Steady-state probability

The dynamics of a single enzyme molecule, a
trajectory, is a stochastic process in which the
protein jumps among the three states in a seeming-
ly random fashionw14x. The steady-state probabil-
ities for the three states are

k k qk k qk k2 3 3 y1 y1 y2SSP s1
l l1 2

w x w xk S k qk qk k PŽ .1 3 y2 y2 y3
SSP s2

l l1 2

w x w xk k S q k qk k PŽ .1 2 2 y1 y3
SSP s (4)3

l l1 2

2.2. Transition probability

A unique feature of the single enzyme trajectory
is that it contains information on both steady-state
and transient kinetics. While the former is
expressed in terms of the steady-state probability
(Eq. (4)), the latter is contained in transition
probabilities,P (t, tqt), which is the probabilityij
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of the enzyme being in statej at time tqt when
it is in statei at time t. When an enzyme is in a
steady-state, the transition probabilities are inde-
pendent oft. There are nine such functionsP (t),ij

i, js1, 2, 3. For example,

SSw xk P ql Py3 2 3
l t1P t s eŽ .13

l yl1 2
SSw xk P ql Py3 1 3

l SSt2q e qP (5)3
l yl2 1

SS w x w xl 1yP qk S qk PŽ .2 1 1 y3
l1tP t s eŽ .11

l yl2 1
SSw x w xk S qk P ql 1yPŽ .1 y3 1 1

l2tq e
l yl1 2

SSqP (6)1

SSl 1yP qk qkŽ .2 3 3 y2
l1tP t s eŽ .33

l yl2 1
SSk qk ql 1yPŽ .3 y2 1 3

l2t SSq e qP (7)3
l yl1 2

2.3. Time correlation functions

As in any other kinetic studies, the stochastic
dynamics of an enzyme molecule can be observed
only through appropriate optical or other properties
of the molecule. The relation between the spectro-
scopic signals and the different states of the
enzyme, thus, becomes an important component in
data analysis. More often than not, the multiple
conformational states have the same spectroscopic
properties, i.e. they cannot be distinguished by
optical measurements. This problem has been
extensively discussed in the literature on modeling
single-channel recordingw11x.
While the state probabilities and transition prob-

abilities (Eqs. (4)–(7)) are independent of the
signal by which the kinetics are measured, further
assumptions or knowledge are needed to analyze
a single enzyme trajectory measured in terms of
an optical signal. Note that different assumptions
at this stage lead to different conclusions about
the enzyme dynamics from same experimental
data. To illustrate this, we will consider two spe-

cific cases motivated by recent work on horserad-
ish peroxidasew7x.
Let us first assume that only state 3(EP) has

significant fluorescence signal. Without loss of
generality, we then assume that the fluorescence
signal f(i):

f(l)sf(2)s0, andf(3)sl (8)

The mean fluorescence signal is
3

SS SS
N Mf s f i P sPŽ . i 38

is1

and time correlation function
3

2SS
N M N MC t s Df 0 Df t s f i f j P P t y fŽ . Ž . Ž . Ž . Ž . Ž .2 i ij8

i,js1
2SS SSsP t P y P (9)Ž . Ž .33 3 3

One notices thatC has two exponential terms2

from P (t). It is also important to remember that33

while the dynamics of the enzyme is a Markov
process,f(t) is not. Generally speaking, any signal
which lumps multiple kinetic states together will
be non-Markovian.
With increasing quality of the experimental data,

higher-order correlation functions can be intro-
duced to discern the complexity of the kinetics
w7,21,29,30x:

N MC t ,t s Df 0 Df t Df t qtŽ . Ž . Ž . Ž .3 1 2 1 1 2
3

SSs f i f j f k P P t P tŽ . Ž . Ž . Ž . Ž .i ij 1 jk 28
i,j,ks1

w z
x |

N My C t qC t qC t qt fŽ . Ž . Ž .2 1 2 2 2 1 2y ~
3

N My f
C t C tŽ . Ž .2 1 2 2

SSs yP C t qtŽ .3 2 1 2SSP3

If we introduce normalized correlation functions
c (t)sC (t)yC (0) and c (t ,t )sC (t ,t )y2 2 2 3 1 2 3 1 2

C (0,0), then we have3

B
N Mfc t ,t c t qtŽ . Ž .3 1 2 2 1 2Cyc t sŽ .2 1

DN Mc t 2 f y1 c tŽ . Ž .2 2 2 2

E

Fyc t (10)Ž .2 1
G

Except for the simplest two-state kinetics in
which c (t) is a single exponential function(see1
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Fig. 1. An example of thef function with N Mf s0.5, l sy1,2

, and ym t qt( 1 2) wmqivsy0.5q6i fsy2e sin vt sin vt y 1qŽ . Ž .1 2

. Note thatyf are being plotted, andfs0 atymt2 xe cosvtŽ .2
the origin.

Appendix A), in general Eq.(10) is not zero.
Hence, Eq.(10) can be used to test the validity of
a two-state model.
Edman and Riglerw7x have introduced an

expression they called the ‘non-Markovian func-
tion’, f, which is similar to Eq. (10) but
is expressed using different normalized correlation
functions: and2 SS

N M N MG t s f 0 f t y f sP t yPŽ . Ž . Ž . Ž .1 33 3
3

N M N MG t ,t s f 0 f t f t y f sŽ . Ž . Ž . Ž .2 1 2 1 2

. In terms of theG’s the non-2SSP t P t y PŽ . Ž . Ž .33 1 33 2 3

Markovian function can be expressed as

G t ,tŽ .2 1 2
fs yG t s0 (11)Ž .1 1G tŽ .1 2

for the three-state model with Eq.(8). In fact, it
is easy to show thatfs0 holds true for Markov
processes with any number of states, if only one
of the states has a non-zero signal.
In general, however,f is not zero, even for a

Markovian system. Let us consider an example,
still using the kinetic scheme(Eq. (1)), but now
with f(1)s0, and f(2)sf(3)s1. The mean fluo-
rescence signal then is SS SS SS

N Mf sP qP s1yP -2 3 1

. The correlation functions are1
SS SS

N Mf 0 f t s1y2P qP P tŽ . Ž . Ž .1 1 11

SS SSw
x

N Mf 0 f t f t s1y3P qP P t qP tŽ . Ž . Ž . Ž . Ž .1 2 1 1 11 1 11 2y

z
|qP t qt yP t P tŽ . Ž . Ž .11 1 2 11 1 11 2~

Hence

G t ,tŽ .2 1 2
fs

G tŽ .1 2

w z
x |

N M1y f z t qt yz t z tŽ . Ž . Ž .Ž . 1 2 1 2y ~
yG t sŽ .1 1 2

N M N M N Mf 1y f z t q fŽ .Ž . 2

where . For complexSS SSw z
x |z t s P t yP y 1yPŽ . Ž . Ž .11 1 1y ~

. Thus,ymtl symqiv, z t se cosvt z t qŽ . Ž . Ž1,2 1

inym t qt( 1 2)t yz t z t sye sin vt sin vt /0. Ž . Ž . Ž . Ž .2 1 2 1 2

general. Neither terms in the numerator is zero.
Fig. 1 shows an example for thef function with
complexl .1,2

3. Stochastic substrate kinetics

In the previous section, it is assumed that the
concentrations of the substrate and the product of

the enzymatic reaction are constant. Hence, the
enzyme kinetics became pseudo-first-order. In
enzymology, one also measures the kinetics of the
substrate which is of course intimately related to
the dynamics of the enzyme turnover. If the chang-
es in the substrate(and product) concentration are
significant, then we shall ask the following prob-
abilistic question: ‘What is the probability of the
enzyme being in conformationC and the number
of substrate molecules beingn at the timet?’ In
other words, we are interested in the joint proba-
bility distribution P (n,t) where X can be 1(E),X

2(ES), or 3(EP). From the joint perspective of the
substrate and the enzyme,(S,X), the reaction can
be represented schematically as

Nk k k k1 2 3 3

N,1 | Ny1,2 | Ny1,3 |∆ |Ž . Ž . Ž .
k k k Nyn k( )y1 y2 y3 y3

nq1 k k k k( ) 1 2 3 3

nq1,1 | n,2 | n,3 | ∆ |Ž . Ž . Ž .
k k Nyn k Ny1 k( ) ( )y1 y2 y3 y3

k k k1 2 3

1,1 | 0,2 | 0,3 | 0,1 (12)Ž . Ž . Ž . Ž .
k k Nky1 y2 y3

where N is the total number of substrate and
product molecules. The substrate kinetics, there-
fore, behave as a one-dimensional biased random
walk. The bias of the random walk arises from the
systematic transformation of substrate into product.
If we start withN substrate and 0 product mole-
cules, the ‘walker’ begins at the far left at time
zero. The number of substrate molecules,n, is a
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SS SSJ j sNk jP j yk P jŽ . Ž . Ž .1 1 y1 2

Nk k k jyNk k k 1yjŽ .1 2 3 y1 y2 y3
s

Nk k qk qk jqk k qk k qk k qNk k qk qk 1yjŽ . Ž .Ž .1 2 y2 3 2 3 3 y1 y1 y2 y3 y1 y2 2

random variable, and the functionP n,t sŽ .
is the probability of havingn sub-3 P n,tŽ .i8is1

strate molecules at timet. Obviously, the fraction
of unreacted substrate is also a randomjsnyN
variables andj and n are simply related.j is
known as the ‘survival probability’w12,18,19x. In1

general, the expectation ofj, as a function of time
t, cannot be expressed in terms of simple exponen-
tials for Michaelis–Menten kinetics.
If we identify probabilities with concentrations,

it is straightforward to write the kinetic equations
for P (n,t) according to Eq.(12):i

dP n,tŽ .2
sy k qk P n qk P nŽ . Ž . Ž .y1 2 2 y2 3dt

q nq1 k P nq1Ž . Ž .1 1

dP n,tŽ .3
sk P n y k qk P nŽ . Ž . Ž .2 2 y2 3 3dt

q Nyn k P nŽ . Ž .y3 1

dP n,tŽ .1
sk P ny1 qk P nŽ . Ž .y1 2 3 3dt

w z
x |y nk q Nyn k P n (13)Ž . Ž .1 y3 1y ~

The equilibrium distribution forP (n) is readilyi

obtained(see Appendix C). Furthermore for large
N, asymptotic analysisw31x yields a diffusion
equation for the survival probability(Qian and
Elson, manuscript in preparation):

2≠ 1 ≠ 1 ≠w z
x |P j,t s J j P j,t qŽ . Ž . Ž .y ~ 2 2≠t N ≠j 2N ≠j

w z
x |= D j P j,t (14)Ž . Ž .y ~

where

and

We see that callingj a probability can be misleading and1

confusing, especially when one deals with functionP(j,t),
which is the probability for the fraction of unreacted substrate
at time t. Calling j the fraction of unreacted substrate could
obviate the possible confusion.

SS SSD j sNk jP j qk P jŽ . Ž . Ž .1 1 y1 2

P(j,t) is the probability of the (unreacted)
substrate fraction beingj, thus the product being
1yj, at time t. Neglecting the 1yN term, Eq.2

(14) can be shown to be mathematically equivalent
to the non-linear ordinary differential equation
w32x:

djydtsyJ j yN (15)Ž .
which is precisely what one obtains from deter-
ministic steady-state Michaelis–Menten kinetics
w15,22x. The non-linearity stems from the bimolec-
ular nature of enzyme kinetics. In general with
non-constantJ(j), j is not a simple exponential.
Eq. (13) and its asymptotic representation Eq.

(14), as the stochastic version of the Michaelis–
Menten model, constitute a generalization of the
deterministic kinetics. The deterministic kinetics
are recovered from Eq.(14) at largeN in the form
of Eq. (15) that agrees exactly with the standard
deterministic enzyme kinetics for this system based
on the law of mass action. The significance of the
random walk-like Eq.(13) and diffusion-like Eq.
(14), however, is that they provide a framework
for calculating fluctuations and correlation function
for small N as well largeN. As we have shown,
the standard deterministic theory is applicable only
to systems with very largeN.

3.1. A relation between cyclic enzyme dynamics
and substrate kinetics

While an enzyme undergoes stochastic transi-
tions among its conformational states(E, ES, EP),
the number of product molecules continues to

increase on average. Every time a cycleE™ES™
EP™E is completed, a substrate is converted to a
product. The making of a product is associated
with eachES™EP transition. Let us again consid-
er the situation in whichwSx and wPx are constant,
and are pseudo-first orderˆ ˆw x w xk sk S , k sk P1 1 y3 y3
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Fig. 2. Comparison between two distributions for the waiting
time of the next arrival product catalyzed by the single enzyme
according to stochastic Michaelis–Menten kinetics, Eq.(1).

For the solid line: k̂ s1, k s2, k s3, k s0.3, k s1 2 3 y1 y2

and l sy3.3"1.23i according to Eq.(3).ˆ0.2, k s0.1y3 1,2

For the dashed line:̂k s1, k s2, k s3, k s0.9, k s1 2 3 y1 y2

andl sy4.06,y7.34. Both distributions areˆ1.8, k s2.7y3 1,2

normalized by their respective mean waiting time , 1.98 andN Mt
1.18, respectively. The relative standard deviations,

, for the two distributions are significantly differ-2
N MDt y tN MŽ .y

ent, 0.73 and 2.1, respectively.

rate constants. Then the addition and reduction of
one product molecule can be represented byw19x

ˆk k k ky2 3 1 2

y §EP|E|ES™ q (16)Ž . Ž .
k̂ ky3 y1

According to this scheme, after each forward
turnover(q), the enzyme is inEP, state 3. Hence,
the probability of having another turnover forward
after timet is and having aZ ZP q, t q sP q, t 3Ž . Ž .
turnover backward after timet is ZP y, t q sŽ .

. Similarly, after each backward turnoverZP y, t 3Ž .
(y), the enzyme is inES, state 2. Hence, the
probability andZ Z ZP q, t y sP q, t 2 P y, t qŽ . Ž . Ž

. These conditional probabilities areZsP y, t 2. Ž .
readily calculated according to the formulae given
by Qian w19x based on the eigenvalues of the
matrix

B Eyk yk k k1 y3 y1 3

k yk yk 0 (17)1 y1 2C F
D Gk 0 yk yky3 y2 3

Note, this matrix and the one in Eq.(2) are
related by connecting the transitions on the left
and on the right of Eq.(16): the enzyme dynamics
corresponds to a periodic boundary condition while
the product waiting time correspond to an absorb-
ing boundary condition for the same reaction in
Eq. (16). The oscillatory kinetics in the cyclic
reaction is intimately related to a pseudo-periodic-
ity in the product formationw27x. Fig. 2 shows2

the distribution for the waiting time of the arrival
of next product molecule, calculated according to
Eq. (16). It is seen that the sharper distribution,
which means the products arrive with a more
regular time interval, corresponds to the oscillatory
kinetics. Therefore, the irreversibility, which is
necessary for the oscillatory kinetics, can make
even a single enzyme behave more as a determin-
istic machine. See Appendix D for a simple illus-

The waiting time for the next product and the cycle time2

of enzyme are not exactly the same since from the enzyme
conformation point of view, converting a product to a substrate
molecule also completes a cycle.

tration of the duality between mean arrival time
and the steady-state flux.

4. Discussion

The stochastic treatment of chemical reactions
was initiated by Kramers in 1940w33x. Since then,
his approach to chemical reaction rates has grown
into a main focus of theoretical chemistryw34x.
The Kramers’ theory, however, addresses mainly
unimolecular reactions and bimolecular collisions
in aqueous solution. It does not address the relation
between the stochastic molecular reactions on the
level of individual molecules and the behavior of
an ensemble of molecules, when there are molec-
ular interactions. Also in 1940, Delbruckw35x¨
lucidly posed the essential problem of the stochas-
tic treatment of biochemical reactions and identi-
fied the non-linear and non-equilibrium
characteristics of such reactions and the mathe-
matical analogy to a random walk. Since this
seminal contribution, much work has been devoted
to this subject w36–39x and many results are
summarized in excellent booksw31,40–42x. Only
in the past decade, however, have experimental
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techniques been improved sufficiently to permit
the study of single-molecule enzymology(for a
recent review, seew6x). This progress on the
experimental front calls for the revival of the
earlier theoretical works and their integration with
the existing literature on single-channel recording
w11,43x. More importantly, single-molecule enzy-
mology requires a stochastic reasoning in its data
interpretation and kinetic modeling.
In summary, we have provided a basis in sto-

chastic modeling for quantitative kinetic analysis
in single-molecule enzymology. Measurements on
stochastic protein conformational dynamics and
the stochastic substrateyproduct kinetics are inter-
preted within a single mathematical treatment.
Oscillatory kinetics is shown to be expected in the
stochastic, Markovian models for non-linear bio-
chemical kinetics. This analysis suggests an alter-
native but complementary mechanism to the
fluctuating enzyme model for analyzing complex
kinetics of single-molecule enzymology.

Appendix A: Higher-order correlation functions
for two-state kinetics

To facilitate comparison with the three-state
model, related formulae for two-state kinetics

are collected in this appendix. We assume
a

A|B
b

the fluorescence signal for the two states arefA

and f , respectively. Then where
f qKfA B

N Mf sB 1qK
Ksayb. Time correlation function:

2f yf KŽ .A B
yltC t s e (18)Ž .2 21qKŽ .

wherelsaqb, and

3f yf K Ky1Ž . Ž .A B
yl t qt( 1 2)C t ,t s e (19)Ž .3 1 2 31qKŽ .

TheC is related to theC after normalization:3 2

c t ,tŽ .3 1 2
yc t s0 (20)Ž .2 1c tŽ .2 2

where c (t)sC (t)yC (0) and c (t ,t )s2 2 2 3 1 2

C (t ,t )yC (0,0). Note the similarity between3 1 2 3

this expression and Eq.(11), even though the
normalization factors used forG’s are different
from those forc’s. Eq.(20) requires no assumption
on f and f ; hence, it is a general result for anyA B

two-state process with a single exponential.
With sufficient data, even higher order correla-

tion functions can be computed:

NC t t t s Df 0 Df t Df tŽ . Ž . Ž . Ž4 1 2 3 1 1

Mqt Df t qt qt. Ž .2 1 2 3

4B Ef yfA BC Fs K 1µ Ž
D G1qK

2 yl t qt( qt1 2 3)yK e.
2 yl t qt( 1 3)qK e (21)∂

A special case ofC with t st gives4 3 1

4B Ef yfA B 2 yl 2t qt( 1 2)C FC t t t s K 1yK eµŽ . Ž .4 1 2 1
D G1qK

2 y2lt1qK e ∂

which has been derived by Schenter et al.w21x if
one substitutesK with p y(lyp ).B B

Appendix B: Real eigenvalues in equilibrium

Let and be the pseudo-ˆ ˆw x w xk sk S k sk P1 1 y3 y3

first order rate constants. If ,ˆ ˆk k k sk k k1 2 3 y1 y2 y3

then

2w zˆ ˆ ˆx |Ds k yk q k yk q k yk y4 k yk k ykŽ . Ž . Ž .Ž . Ž .1 y2 y1 3 y3 2 y1 3 y3 2y ~

2w zB Eˆk ky1 y3 ˆ ˆC Fx |s k y1 q k yk q k yk y4 k yk k ykŽ . Ž .Ž . Ž .y2 y1 3 y3 2 y1 3 y3 2
D Gk ky ~2 3

S ˆk ky1 y3 2ˆ ˆwk ( y1)q(k yk )q(k yk )x if (k yk )(k yk )F0y2 y1 3 y3 2 y1 3 y3 2T k k2 3
U

G G0T
2ˆ ˆ ˆ

Vw(k yk )q(k yk )x y4(k yk )(k yk ) if (k yk )(k yk )G0y1 3 y3 2 y1 3 y3 2 y1 3 y3 2
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turnover kinetics. Let us consider the simple
kinetics

k k1 2

A|B™C
ky1

for a single molecule starting in stateA. The
probability density function for the time of the
molecule arrivingC can be easily computed:

k k1 2 yg ygt t1 2w xP t s e yeŽ .c
g yg2 2

in which
w1
xg s = k qk qk "Ž .1,2 1 y1 2y2

.
z2 |k qk qk y4k kyŽ .1 y1 2 1 2~

Therefore, the mean arrival time is

` k k1 2
N Mt s tP t dtsŽ .C| g yg2 10

B E1 1 k qk qk1 y1 2C F= y s2 2
D Gg g k k1 2 1 2

and the relative variance is .
2k k1 21y 2k qk qkŽ .1 y1 2

The dual of this problem is to compute the steady-
state flux under a periodic boundary condition.
That is, we assume stateC is equivalent to state
A. We, therefore, have a cyclic kineticsA|B™
. The steady-state flux is readily obtained:A Js

which is precisely . In other
k k 11 2

N Mk qk qk t1 y1 2

words, J, the number of turnover per unit time,
matches the mean turnover(arrival) time.
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